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Abstract
In this paper we calculate the full one-loop finite volume corrections to the quantities 〈x〉u±d
within the framework of two-flavor baryon chiral perturbation theory. For the isovector case, we
show estimates of these effects for the leading one-loop corrections based on fits carried out in
previously published works.
PACS numbers:
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I. INTRODUCTION
One of the major challenges in nuclear physics today is to understand the structure of
the nucleon arising from QCD dynamics. Major progress is made by the continuous im-
provement of lattice QCD, see [1–4]. However, in some cases results obtained from lattice
simulations do not seem to extrapolate naturally to the experimentally known results. The
most serious such discrepancy is observed for the first moments of the isovector quark distri-
bution function of the nucleon, e.g. 〈x〉u−d, for which high precision data is available [5, 6].
The computation of observables on the lattice in general suffers from a number of systematic
uncertainties: Both lattice spacing and lattice volume are finite, and up to recently most
simulations used quark masses that are much larger than the physical ones. Thus the quality
of lattice results depends on the control over a threefold extrapolation: the continuum ex-
trapolation (a→ 0), the extrapolation to the thermodynamic limit (V →∞) and the chiral
extrapolation (mlattq → mphysq ). While the last two extrapolations nowadays are becoming
more and more obsolete due to almost physical quark masses and large volumes that are
used in lattice simulations, the continuum extrapolation is still problematic, also because for
lattice constants below 0.05 fm one encounters very long topological autocorrelation times.
The latter problem can be avoided by using open boundary conditions [7, 8].
Possible finite volume corrections can be treated within the framework of chiral perturbation
theory (ChPT) [9–12]. Most of the time when finite volume effects have been analyzed, they
have been found to be around 5− 10% [13, 14] and thus too small to explain the observed
discrepancies. Nonetheless, a thorough analysis of lattice QCD data should incorporate
these corrections. This work constitutes a covariant calculation of the finite volume effects,
for the heavy baryon result, see ref. [15].
In this paper, we present the finite volume corrections to the quantities 〈x〉u±d within the
framework of SU(2)f covariant baryon chiral perturbation theory (BChPT) to full one loop
order. The paper is structured as follows: in section II we give a short overview of the
ChPT setup for this particular case, in sec. III we present our finite volume calculation and
in sec. IV we give a rough estimate of the size of these finite volume corrections. We give a
short conclusion in sec. V.
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FIG. 1: We show all graphs contributing to Au±d2,0 (t = 0) at full one-loop level, where the solid line
denotes a nucleon, the dashed line represents a pion and the dots represent an operator insertion.
II. CHPT SETUP
This paper mostly concerns itself with calculating the finite volume corrections to 〈x〉u±d
and thus, for general introductions to BChPT we refer the reader to the reviews [16, 17].
The full one-loop calculation for the nucleon GPDs in SU(2)f has been performed in detail
in [18]. Here, we will only cite the results needed for the calculation of the finite volume
corrections to 〈x〉u−d, all other details can be found in said reference.
We are interested in analyzing the matrix elements of twist-two quark operators including
one covariant derivative, i.e.
〈p′ ∣∣Oqµν∣∣ p〉, Oqµν = i2 q¯γ{µ←→D ν}q, ←→D µ = −→Dµ −←−Dµ. (1)
Here, p′ and p are the outgoing (incoming) nucleon four-momenta and {...} denotes total
symmetrization of indices and subtraction of traces. These matrix elements are connected
to so called generalized form factors Aq2,0(t), B
q
2,0(t) and C
q
2,0(t) in the following manner:
〈p′ ∣∣Oqµν∣∣ p〉 = u¯(p′) [γ{µp¯ν}Aq2,0(t)−∆ασα{µp¯ν} iBq2,0(t)2mN + ∆{µ∆ν}C
q
2,0(t)
mN
]
u(p). (2)
Here, we have introduced two kinematical variables, namely p¯ = (p′ + p)/2, ∆ = p′ − p and
t = ∆2. The generalized form factors Aq2,0(t), B
q
2,0(t) and C
q
2,0(t) are connected to the GPDs
Hq(x, ξ, t) and Eq(x, ξ, t), which are defined and discussed in [19, 20]. In the forward limit,
the form factor Aq2,0(0) is connected to the first moments of the parton distribution functions
(PDFs) q(x) and q¯(x):
〈x〉q =
∫ 1
0
dx x [q(x) + q¯(x)] = Aq2,0(0). (3)
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Since we want to access the quantity 〈x〉q via SU(2)f covariant BChPT, we employ the
decomposition of the operators in eq. (1) into chiral fields presented in [18]. This decom-
position enables us to calculate the infinite volume value for Aq2,0(t) to full one-loop order
and then extract the infinite volume value for the first moment of the PDAs. This has
been done in [18] using the infrared regularization scheme [21]. We show the contributing
one-loop graphs in fig. 1. We present the infinite volume result for each diagram seperately
for Au+d2,0 (t = 0) in eqs. (4)-(8) and the results for A
u−d
2,0 (t = 0) in eqs. (9)-(13):
Au+d,a2,0 (t = 0) = 8Zls0,1 + 32M2pi ls2,2, (4)
Au+d,b2,0 (t = 0) = 0, (5)
Au+d,c2,0 (t = 0) =
6g2Al
s
0,1
F 2pi
(
−4(d− 2)m4N(I(2)12 − I(4)12 ) + I(0)10 − 4m2N(I(1)11 − I(3)11 )
+ 4m4N(I
(3)
12 − I(5)12 )
)
,
(6)
Au+d,d+e2,0 (t = 0) =
24gA
F 2pi
(
2m2N
(
2mN l
s
1,18
(
2(d− 1)I(2)11 − dI(4)11
)
+ ls1,15
(
2I
(2)
10 +M
2
pi(4I
(0)
11 − 4I(1)11 + I(3)11 )
))
+ ls1,13
(
2M2pi
(
I
(0)
10 +m
2
N(I
(3)
11 − 2I(1)11 )
)
+ 2I
(2)
10 m
2
N
+ 4m4N(2(I
(2)
11 + I
(3)
11 − I(4)11 )− I(5)11 )
)
− 2I(3)11 m2N ls1,6
)
,
(7)
Au+d,f2,0 (t = 0) = −
48g2Al
sm4N(2I
(4)
21 + I
(5)
21 )
F 4pi
, (8)
Au−d,a2,0 (t = 0) = 4l0,1Z + 16l2,2M2pi , (9)
Au−d,b2,0 (t = 0) = −
4l0,1
F 2pi
I
(0)
10 , (10)
Au−d,c2,0 (t = 0) = −
g2Al0,1
F 2pi
(
4(2− d)m4N(I(2)12 − I(4)12 ) + I(0)10 − 4m2N(I(1)11 − I(3)11 )
+ 4m4N(I
(3)
12 − I(5)12 )
)
,
(11)
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Au−d,d+e2,0 (t = 0) =
gA
F 2pi
(
4l0,2
(
I
(0)
10 − 2I(1)11 m2N + I(3)11 m2N
)
− 8I(3)11 m2N(l1,6 + l1,7)
+ 4m3N (l1,1 − 2l1,3) (−2I(2)11 − 2I(3)11 + 2I(4)11 + I(5)11 )
+ 16m3N(l1,18 + l1,19)(2(d− 1)I(2)11 − dI(4)11 )
+ 4mN l1,8
(
m2N
(−8I(2)10 + 2M2pi(4I(1)11 − 4I(2)11 − 4I(3)11 + 2I(4)11 + I(5)11 )
− 4m2N(4I(2)11 + 4I(3)11 − 12I(4)11 − 4I(5)11 + 2I(6)11 + 5I(7)11 + I(8)11 )
)
− 4I(0)10 M2pi
)
+ (l1,13 + l1,14)
(
8I
(0)
10 M
2
pi + 8m
2
N
(
I
(2)
10 +M
2
pi(I
(3)
11 − 2I(1)11 )
+ 2m2N(2(I
(2)
11 + I
(3)
11 − I(4)11 )− I(5)11 )
))
+ 8m2N(l1,15 + l1,16)
(
2I
(2)
10 +M
2
pi(4I
(0)
11 − 4I(1)11 + I(3)11 )
))
.
(12)
Au−d,f2,0 (t = 0) = 0. (13)
All infrared integrals I
(i)
nm(p2,m2,M2) that appear in eqs. (4)-(13) are to be evaluated at the
point (p2,m2,M2) = (m2N ,m
2
N ,M
2
pi). Their definitions are given in apps. A and B. In eq. (9)
we have used the quantity Z, which stands for the nucleon wave function renormalization
constant and which in terms of infrared integrals takes the form
Z = 1 + 3g
2
A
4F 2pi
∂
∂/p
[
M2pi(/p+mN)I
(0)
11 + (m
2
N − /p2)/p2I(1)11 − (mN + /p)I(0)10
]∣∣∣
/p=mN
(14)
In accordance with the strategy of computing the finite volume effects in [22] we now have
all the building blocks to carry out a similar calculation for 〈x〉u±d.
III. FINITE VOLUME CORRECTIONS
When calculating the finite volume effects we rely on the seminal work published in [9–
12]. This effective field theory formalism is based on the observation that the finite volume
effects are predominantly caused by pions travelling around the box of finite extent. Thus,
we rewrite our infinite volume quantity 〈x〉∞u−d as
〈x〉∞u−d = 〈x〉∞u−d − 〈x〉u−d(L) + 〈x〉u−d(L) ≡ δ〈x〉u−d(L) + 〈x〉u−d(L). (15)
According to [12], the finite volume corrections δ〈x〉u−d(L) are obtained by calculating the
difference between integral and discrete sum over all possible loop momenta, i.e.
δInm(L) = −i
∫
dq0
2pi
[∫
d3q
(2pi)3
− 1
L1L2L3
∑
q
]
IR
1
(M2pi − q2)m(m2N − (p− q)2)n
. (16)
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The subscript IR corresponds to extending the integration for Feynman parameters that
combine meson- with nucleon-propagators from [0, 1] to [0,∞]. Here, Li denotes the box-
length in the i-th spatial direction and the sum is carried out for three-momenta q =
2pi(n1
L1
, n2
L2
, n3
L3
)T for integer ni. If one follows the steps described in [12] one finds for the
relevant integrals
δI10(L) = − 1
(2pi)2
∑
n6=0
(
M2pi
L2n
) 1
2
K1
(√
L2nM
2
pi
)
, (17)
δI01(L) = 0, (18)
δI11(L) = − 1
2(2pi)2
∫ ∞
0
du
∑
n6=0
K0
(√
L2nf(u,m
2
N)
)
exp {iup · Ln} . (19)
Here, we have introduced a quantity which is defined as Ln = (n1L1, n2L2, n3L3). Further-
more we denote the i-th modified Bessel function of the second kind by Ki and we have
defined the function
f(u, p2) = um2N + (1− u)M2pi + (u2 − u)p2, (20)
which naturally appears when one combines the nucleon- and meson-propagator. To obtain
the finite volume corrections, we start from eqs. (4)-(13) and we first reduce all infrared
integrals appearing in these equations to the standard scalar integrals I10, I01 and I11 using
the relations from App. B. See however that there is in principle a problem with using tensor
decomposition when operating in a finite volume due to breaking of Lorentz invariance [14].
Going from infinite volume to finite volume corrections corresponds to the replacement
I10 −→ δI10, I10 −→ δI01, I10 −→ δI11. (21)
When we carry out this replacement, we find that the term proportional to l2,2 drops out
since this term does not recieve corrections due to pions travelling around the box. For the
case of four space-time dimensions d = 4 and isotropic lattices L1 = L2 = L3, we end up
with
δ〈x〉u+d(L) =
∫ ∞
0
du
[
αu+d
(
K0
(
LMpi
√
n2
)
+K2
(
LMpi
√
n2
))
+ βu+dK0
(
L
√
n2f(u,m2N)
)
cos(Lun · p)
+ γu+dK1
(
L
√
n2f(u,m2N)
)
cos(Lun · p) + δu+dK1
(
LMpi
√
n2
)]
,
(22)
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δ〈x〉u−d(L) =
∫ ∞
0
du
[
αu−dK1
(
LMpi
√
n2
)
+ βu−dK0
(
L
√
n2f(u,m2N)
)
cos(Lun · p)
+ γu−dK1
(
L
√
n2f(u,m2N)
)
cos(Lun · p)
]
,
(23)
where the single coefficients αu±d, βu±d, γu±d and δu+d take the following form:
αu+d =
g2Al
sM4piθ(1− u)θ(u)
2pi2F 4pim
2
N
, (24)
βu+d = − gAM
2
pi
pi2F 4pim
3
N
(
F 2pi
(
gAmN l
s
0,1
(
3m2N − 2M2pi
)
+ 2
(
12m4N − 7m2NM2pi +M4pi
) (
mN l
s
1,15 + l
s
1,18
)
+ 2mN l
s
1,6(mN −Mpi)(mN +Mpi)
)
+ gAl
smN
(
3M2pi − 2m2N
)) (25)
γu+d =
g2AM
2
pi
√
L2n2
2pi2F 4pim
2
N
√
f(u,m2N)
(
F 2piul
s
0,1
(
3m4Nu− 4m2NM2pi +M4pi
)
+ lsM2pi(u− 1)(m2N −M2pi)
) (26)
δu+d =
gAM
3
piθ(1− u)θ(u)
pi2F 4pim
3
N
√
L2n2
(
F 2pi
(
mN
(
2gAl
s
0,1 + 2l
s
1,15
(
9m2N − 2M2pi
)
− 15m2N ls1,13 + 4ls1,6
)
+ 4ls1,18
(
6m2N −M2pi
))− 5gAlsmN) (27)
αu−d =
Mpiθ(1− u)θ(u)
30pi2F 2piLm
3
N
√
n2
(
10l0,1
(
3
(
g2A + 1
)
m3N − g2AmNM2pi
)
+ gAM
2
pi
(
120m4N l1,8 − 75m3N(l1,13 + l1,14) + 90m3N(l1,15 + l1,16)− 22m2NM2pi l1,8
+ 5l1,1
(
3m2N −M2pi
)
+ 20(l1,18 + l1,19)
(
6m2N −M2pi
)− 30m2N l1,3
− 20mNM2pi(l1,15 + l1,16)− 10mN l0,2 + 20mN l1,67 + 6M4pi l1,8 + 10M2pi l1,3
))
(28)
βu−d =
gAM
2
pi
60pi2F 2pim
3
N
(
10gAmN l0,1
(
3m2N − 2M2pi
)− 240m5N(l1,15 + l1,16)
+ 16m4NM
2
pi l1,8 + 140m
3
NM
2
pi(l1,15 + l1,16) + 10l0,2
(
4m3N −mNM2pi
)
− 20m3N(l1,6 + l1,7)− 28m2NM4pi l1,8 + 20m2NM2pi l1,1 − 40m2NM2pi l1,3
− 20(l1,18 + l1,19)
(
12m4N − 7m2NM2pi +M4pi
)− 20mNM4pi(l1,15 + l1,16)
+ 20mNM
2
pi l1,67 + 6M
6
pi l1,8 − 5M4pi l1,1 + 10M4pi l1,3
)
(29)
γu−d = −g
2
ALM
2
piul0,1 (m
4
N(12− 9u)− 4m2NM2pi +M4pi)n2
12pi2F 2pim
2
N
√
n2f(u,m2N)
(30)
Above we have introduced the quantity n = (n1, n2, n3)
T in order to arrive at a short notation
for the finite volume corrections. Technically speaking to arrive at the full expressions, one
7
TABLE I: Fit results taken from [23] where ∆av2,0 was taken as an input value for the first set (full)
and it was fitted in the second set (dashed).
set av2,0 ∆a
v
2,0 c
r
8(1 GeV)
full 0.157± 0.006 0.21 (fixed) −0.283± 0.011
dashed 0.141± 0.0057 0.144± 0.034 −0.213± 0.03
has to use that to the order we are working at, the nucleon mass mN itself has an expansion
in M2pi [21, 24], i.e.
mN = m0 − 4c1M2pi +O(p3), (31)
and hence, when implementing the finite volume corrections, mN has to be replaced with
the above expression. Note that every time the mass quantity Mpi appears, it refers to the
pion mass in the infinite volume limit, so Mpi ≡M∞pi .
IV. ESTIMATE OF FINITE VOLUME EFFECTS
In this section, we want to investigate the leading one-loop finite volume corrections to the
isovector case, because both the lattice data and the input parameters for the isosinglet case
are very poorly determined, due to the importance of disconnected contributions. For the
estimate of the magnitude we have to choose input parameters for the low energy constants
that contribute at leading one-loop order, which are l0,1, l0,2 and l2,2. We opt to use the fit
results published in [23]. When we compare the LECs defined in [18] with the definitions
used in [23] we find that
l0,1 ≡
av2,0
4
, l0,2 ≡
∆av2,0
4
, l2,2 =
c8
4m20
. (32)
Dorati et al. quote the values presented in table I as their fit results. We arrive at the
leading one-loop corrections by setting most of the low energy constants to zero, in our case
all LECs but l0,1, l0,2. The LEC l2,2 does not contribute to the finite volume corrections since
to this order it only appears at tree level. This leads us to the leading one loop formulae,
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which take the reduced form
αredu−d =
Mpiθ(1− u)θ(u)
30pi2F 2piLm
3
N
√
n2
(
10l0,1
(
3
(
g2A + 1
)
m3N − g2AmNM2pi
)
+ gAM
2
pi
(
5l1,1
(
3m2N −M2pi
)− 10mN l0,2)) (33)
βredu−d =
gAM
2
pi
60pi2F 2pim
3
N
(
10gAmN l0,1
(
3m2N − 2M2pi
)
+ 10l0,2
(
4m3N −mNM2pi
)
+ 5l1,1
(
4m2NM
2
pi −M4pi
)) (34)
γredu−d = −
g2ALM
2
piul0,1 (m
4
N(12− 9u)− 4m2NM2pi +M4pi)n2
12pi2F 2pim
2
N
√
n2f(u,m2N)
(35)
We show the result of these estimates in fig. 2(a) for several different pion masses. In fig. 2(b)
we show the contribution to the finite volume corrections per diagram at Mpi = 250 MeV.
We estimate the corrections for reasonable regions of MpiL to be small and negative, i.e.
the lattice data should be corrected towards smaller values of 〈x〉. For MpiL ≈ 2 we find a
stronger dependence on the input parameters, which leads us to conclude that these formulae
are not yet applicable for such small values of MpiL and indeed, this approach is only valid
for MpiL 1.
A thorough analysis of the finite volume corrections to 〈x〉 will require a complete re-analysis
of the lattice data that is available so far. Overall, we estimate this correction to be too
small to solve the problems one encounters in the extrapolation of 〈x〉 towards the physical
point [5, 25]. In particular, our results are in contradiction to the large finite volume effects
claimed in [26].
V. CONCLUSION
In this paper, we have calculated the full one-loop finite volume corrections to the quan-
tities 〈x〉u±d within the framework of covariant BChPT following the methods presented in
[9–12, 22]. We then proceeded to give estimates for the vector quantity and we found the
finite volume corrections to be small. Presently, an analysis of new lattice data with quark
masses down to close to physical values and including these finite volume corrections is in
preparation [6].
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FIG. 2: The plots above show estimates for the leading loop finite volume corrections to 〈x〉u−d
for the input parameters defined in tab. I. In fig. 2(b) we have set Mpi = 250 MeV.
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Appendix A: Infrared integrals
We define our fundamental integrals as proposed in [21] in the following way:
Ik,l(p
2,m2,M2) =
1
i
∫
dDq
(2pi)D
1
(M2 − q2)k(m2 − (p− q)2)l . (A1)
Following the reasoning and definitions given in that paper, one arrives at the following
lowest basic integrals:
I1,0(p
2,m2,M2) = 2M2λ+
M2
(4pi)2
log
M2
µ2
, (A2)
I0,1(p
2,m2,M2) = 0, (A3)
I1,1(p
2,m2,M2) = −M
2 −m2 + p2
p2
λ+
1
(4pi)2
[
M2 −m2 + p2
2p2
(
1− log M
2
µ2
)
− 2
√
M2
p2
− (M
2 −m2 + p2)2
4p4
arccos
−M2 +m2 − p2√
4M2p2
]
.
(A4)
Here, we have used the abbreviation λ as defined in [21] and µ is the dimensional regulariza-
tion scale. Note that higher versions of these integrals can be obtained by taking derivatives
with respect to the masses M2 or m2.
Appendix B: Tensor decomposition
In this chapter we show how we carried out the tensor decomposition for the tensorial
infrared integrals. We start off by defining the tensorial integrals:
Iµν···k,l ≡ −i
∫
ddq
(2pi)d
qµqν · · ·
(M2 − q2 − i)k(m2 − (p− q)2 − i)l . (B1)
Employing Lorentz decomposition, we can write
Iµk,l ≡ pµI(1)k,l , (B2a)
Iµνk,l ≡ p2gµνI(2)k,l + pµpνI(3)k,l , (B2b)
Iµνρk,l ≡ p2(gµνpρ + gνρpµ + gρµpν)I(4)k,l + pµpνpρI(5)k,l , (B2c)
Iµνρσk,l ≡ p4(gµνgρσ + gµρgσν + gµσgνρ)I(6)k,l
+ p2(pµpνgρσ + pµpρgσν + pµpσgνρ + pρpσgµν + pσpµgνρ + pνpρgµσ)I
(7)
k,l
+ pµpνpρpσI
(8)
k,l .
(B2d)
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In order to write down the explicit expressions for these I
(i)
k,l , let us first introduce two
abbreviations:
T
(i)
k,l ≡ −I(i)k−1,l +M2I(i)k,l , U (i)k,l ≡ I(i)k,l−1 − I(i)k−1,l + (M2 −m2 + p2)I(i)k,l , (B3)
since these frequently appear in the explicit forms of these I
(i)
k,l . They take the form (using
that I0,0 = 0)
I
(1)
k,l =
1
2p2
U
(0)
k,l , (B4a)
I
(1)
k,0 = 0 , (B4b)
I
(1)
0,l = I0,l , (B4c)
I
(2)
k,l =
1
(d− 1)p2
(
T
(0)
k,l −
1
2
U
(1)
k,l
)
, (B5a)
I
(2)
k,0 =
1
dp2
(−Ik−1,0 +M2Ik,0), (B5b)
I
(2)
0,l =
1
dp2
(−I0,l−1 +m2I0,l−1), (B5c)
I
(3)
k,l =
−1
(d− 1)p2
(
T
(0)
k,l −
d
2
U
(1)
k,l
)
, (B6a)
I
(3)
k,0 = 0, (B6b)
I
(3)
0,l = I0,l, (B6c)
I
(4)
k,l =
1
(d− 1)p2
(
T
(1)
k,l −
1
2
(
U
(2)
k,l + U
(3)
k,l
))
, (B7a)
I
(4)
k,0 = 0, (B7b)
I
(4)
0,l =
1
dp2
(−I0,l−1 +m2I0,l−1), (B7c)
I
(5)
k,l =
−1
(d− 1)p2
(
3T
(1)
k,l −
d+ 2
2
(
U
(2)
k,l + U
(3)
k,l
))
, (B8a)
I
(5)
k,0 = 0, (B8b)
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I
(5)
0,l = I0,l, (B8c)
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1
2
U
(4)
k,l
)
, (B9)
I
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k,l =
−1
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(
T
(2)
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2
U
(4)
k,l
)
, (B10)
I
(8)
k,l =
1
p2
T
(3)
k,l − (d+ 4)I(7)k,l =
−1
(d+ 1)p2
(
3T
(3)
k,l −
d+ 4
2
U
(5)
k,l
)
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